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We study the effects of quantum fluctuations on a non-coplanar tetrahedral spin structure, which has a
scalar chiral order, in the spin-1/2 multiple-spin exchange model with up to the six-spin exchange interac-
tions on a triangular lattice. We find that, in the linear spin-wave approximation, the tetrahedral structure
survives the quantum fluctuations because spin waves do not soften in the whole parameter region of the
tetrahedral-structure phase evaluated for the classical system. In the quantum corrections to the ground-
state energy, sublattice magnetization, and scalar chirality, the effects of the quantum fluctuations are small
for the ferromagnetic nearest-neighbor interactions and for the strong five-spin interactions. The six-spin
interactions have little effect on the quantum corrections in the tetrahedral-structure phase. This calcula-
tion also corrects an error in the previously reported value of scalar chirality for the spin-1/2 multiple-spin
exchange model with up to the four-spin exchange interactions.
1. Introduction
The solid phases of 3He layers are attracting exten-
sive interest as a frustrated quantum spin system.1) In
a solid 3He thin film adsorbed on graphite, a solid layer
with a triangular-lattice structure of S = 1/2 nuclear
spins is formed on the second layer.2–6) In the exchange
process of the 3He atoms, there are not only exchange in-
teractions between two neighboring atoms but also those
among three or more neighboring atoms.7) The exchange
integrals of three- and four-spin cyclic exchange inter-
actions are larger than that of the two-spin exchange
interaction owing to stoichiometric hindrance. The sec-
ond layer of the solid 3He thin film can be transformed
from ferromagnets to highly frustrated antiferromagnets
by tuning the coverage density from high to low. By
changing the density, the ratios of exchange couplings
markedly shift. Thus, the multiple-spin exchange (MSE)
model on the triangular lattice has been extensively stud-
ied in various parameter regimes in relation to two-
dimensional solid 3He. From a comparison of experimen-
tal and theoretical results,5, 8–12) it is known that the
five- and six-spin exchange interactions are not negligi-
ble for two-dimensional solid 3He. Furthermore, exact-
diagonalization studies of the MSE model with up to the
six-spin exchange interactions have suggested that a non-
magnetic gapped spin-liquid phase is realized.10, 11) The
region of the spin-liquid phase overlaps with that of the
tetrahedral-structure phase obtained by the mean-field
approximation.13)
The MSE model on a triangular lattice also attracts
interest as an effective model of organic triangular-lattice
systems, κ-(BEDT-TTF)2X and Y [Pd(demit)2]2. In or-
∗E-mail address: cyasuda@sci.u-ryukyu.ac.jp
ganic triangular-lattice systems, both long-range mag-
netic ordered and spin-liquid phases have been experi-
mentally observed.14, 15)
Furthermore, the effects of quantum spin fluctuations
on the scalar chiral ordering, which is realized in the
tetrahedral-structure state of the classical ground state
in the MSE model, have attracted attention. It is known
that quantum fluctuations have weak effects on the or-
dered phase with the chirality formed by an adjacent spin
structure.16) It is interesting to study whether the chi-
ral order obtained within the mean-field approximation
can survive the quantum fluctuations. The scalar chiral
ordering of the tetrahedral structure is also interesting
in relation to peculiar transport properties in itinerant
systems.17)
The aim of this paper is to elucidate the effects
of quantum fluctuations on the tetrahedral spin struc-
ture with scalar chirality in the MSE model with up
to the six-spin exchange interactions. Focusing on the
tetrahedral-structure state, we investigate the stability
of the ground state against quantum fluctuations and
the effects of the MSE interactions on the classical struc-
ture using linear spin-wave theory. Studies of the MSE
model with up to the four-spin exchange interactions us-
ing spin-wave theory have already been reported assum-
ing the 120◦-structure,18, 19) uuud,18, 20) and tetrahedral-
structure21, 22) states as the ground state.
The remainder of this article is organized as follows.
We introduce the MSE model Hamiltonian with up to
the six-spin exchange interactions in Sect. 2 and explain
the classical phase diagram in Sect. 3. We calculate the
wave-number dependences of the spin-wave spectra us-
ing linear spin-wave theory in Sect. 4. Furthermore, in
1
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Sect. 5, we examine the ground-state energy, sublattice
magnetization, and scalar chirality for two systems, with-
out second- and third-nearest-neighbor interactions and
without five- and six-spin exchange interactions. Finally,
we devote Sect. 6 to a summary and discussion.
2. MSE Model on a Triangular Lattice
The Hamiltonian of the spin-1/2 MSE model with up
to the six-spin exchange interactions on a triangular lat-
tice is given by
H =
6∑
n=2
Hn (1)
with
Hn = (−1)nJn
∑
n-spin ring
(Pn + P
−1
n ) , (2)
where Jn represents the positive exchange constants of n-
spin ring exchanges for any n, and Pn and P
−1
n are the n-
spin ring exchange operators and their inverse operators,
respectively.23)
The two- and three-spin Hamiltonians are written as
H2 =
J2
2
∑
bond
(1 + σ1 · σ2) (3)
and
H3 = −
J3
2
∑
triangle
(1 + σ1 · σ2 + σ2 · σ3 + σ3 · σ1) ,
(4)
where
∑
bond and
∑
triangle are the summations taken
over all bonds and all smallest triangles on the triangu-
lar lattice, respectively. The subscripts of the Pauli spin
operator σi denote the sites belonging to each bond or
each triangle. Hereafter, the σi is called spin. The four-
spin Hamiltonian H4 is written as
H4 =
J4
4
∑
plaq
{
1 +
∑
1≤α<β≤4
σα · σβ + (σ1 · σ2)(σ3 · σ4)
+ (σ1 · σ4)(σ2 · σ3)− (σ1 · σ3)(σ2 · σ4)
}
, (5)
where
∑
plaq is the summation taken over all the smallest
diamonds. The subscripts of σi denote the sites belong-
ing to each diamond, where (1, 3) and (2, 4) are diagonal
bonds of the diamond. The five-spin Hamiltonian H5 is
written as
H5 = −
J5
8
∑
trap
[
1 +
∑
1≤α<β≤5
σα · σβ
+
5∑
l=1
{(σα
l
· σβ
l
)(σγ
l
· σδ
l
) + (σα
l
· σδ
l
)(σβ
l
· σγ
l
)
− (σα
l
· σγ
l
)(σβ
l
· σδ
l
)}
]
, (6)
where
∑
trap is the summation taken over all the smallest
trapezoids. The summation
∑5
l=1 is taken over all com-
binations of the four spins in each trapezoid. The sub-
scripts of σi denote the sites belonging to a trapezoid,
and αl = l, βl = mod(l, 5) + 1, γl = mod(l + 1, 5) + 1,
δl = mod(l + 2, 5) + 1. The six-spin Hamiltonian H6 is
written as
H6 =
J6
16
∑
hexa
[
1 +
∑
1≤α<β≤6
σα · σβ
+
6∑
l=1
{(σα
l
· σβ
l
)(σγ
l
· σδ
l
) + (σα
l
· σδ
l
)(σβ
l
· σγ
l
)
− (σα
l
· σγ
l
)(σβ
l
· σδ
l
)}
+
6∑
l=1
{(σα
l
· σβ
l
)(σγ
l
· σζ
l
) + (σα
l
· σζ
l
)(σβ
l
· σγ
l
)
− (σα
l
· σγ
l
)(σβ
l
· σζ
l
)}
+
3∑
l=1
{(σα
l
· σβ
l
)(σδ
l
· σζ
l
) + (σα
l
· σζ
l
)(σβ
l
· σδ
l
)
− (σα
l
· σδ
l
)(σβ
l
· σζ
l
)}
+
2∑
l=1
(σα
l
· σβ
l
)(σγ
l
· σδ
l
)(σζ
l
· σκ
l
)
+
3∑
l=1
(σα
l
· σδ
l
)(σβ
l
· σγ
l
)(σζ
l
· σκ
l
)
+
3∑
l=1
(σα
l
· σδ
l
)(σγ
l
· σζ
l
)(σβ
l
· σκ
l
)
−
6∑
l=1
(σα
l
· σβ
l
)(σγ
l
· σζ
l
)(σδ
l
· σκ
l
)
− (σ1 · σ4)(σ2 · σ5)(σ3 · σ6)
]
, (7)
where
∑
hexa is the summation taken over all the smallest
hexagons. The summations of the products of four spins
and six spins are taken over all combinations of the four
spins and six spins in each hexagon, respectively. The site
indexes of σi in a hexagon are defined as αl = l, βl =
mod(l, 6)+1, γl = mod(l+1, 6)+1, δl = mod(l+2, 6)+1,
ζl = mod(l + 3, 6) + 1, κl = mod(l + 4, 6) + 1.
Neglecting the constant terms and transforming the
interactions as
H4 =
J4
4
∑
plaq
h4 , H5 = −
J5
8
∑
trap
h5 , H6 =
J6
16
∑
hexa
h6 ,
(8)
J =
J2
2
− J3 , K =
J4
4
, L = −J5
8
, M =
J6
16
, (9)
we obtain the Hamiltonian
H = J
∑
n.n
σi · σj +K
∑
plaq
h4 + L
∑
trap
h5 +M
∑
hexa
h6 ,
(10)
where
∑
n.n is the summation taken over all nearest-
2
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Fig. 1. Phase diagram of the classical ground state parametrized
by the two-spin exchange integral J/K for J
2nd
= J
3rd
= L =
M = 0. The tetrahedral and six-sublattice structures have a non-
coplanar spin configuration, and the 120◦ structure has a coplanar
spin configuration.
neighbor pairs. We call the model the J-K-L-M model.
K and M are always positive, and L is always negative.
Because the magnitude of J2 is expected to be large com-
pared with that of J3 at low atomic densities,
7, 8) the
value of J is expected to be positive at low densities and
negative at high densities in solid 3He. In the present
work, we take the value of K to be a unit of energy.
In the present work, we also investigate the effects
of the second- and third-nearest-neighbor interactions.
While these interactions are included in the five- and
six-spin exchange interactions, their own effects on the
system are interesting in relation to the effective model of
organic triangular-lattice systems. Thus, we investigate
the systems described by
H = J
∑
n.n
σi · σj + J2nd
∑
n.n.n
σi · σj + J3rd
∑
n.n.n.n
σi · σj
+K
∑
plaq
h4 + L
∑
trap
h5 +M
∑
hexa
h6 , (11)
where J2nd and J3rd are the exchange integrals of
the second- and third-nearest-neighbor interactions, and∑
n.n.n and
∑
n.n.n.n are the summations taken over all
second- and third-nearest-neighbor pairs, respectively.
We call the model the J-K-J2nd-J3rd model with the
Hamiltonian in Eq. (11) for L = M = 0 and investigate
the J-K-J2nd-J3rd model in Sect. 5.2.
3. Classical Ground States
To investigate the MSE model on the basis of the lin-
ear spin-wave theory, first, we determine the region of
the tetrahedral-structure phase of the classical ground
state. The phase diagram of the classical ground state of
the MSE model with up to the four-spin exchange inter-
actions on the triangular lattice has already been esti-
mated13) within the mean-field approximation assuming
144 sublattices. The phase diagram is shown in Fig. 1.
There are the ferromagnetic phase for J/K < −8.61, the
intermediate-phase region including various nearly de-
generate phases with 12-, 18-, 24-, 72-, and 144-sublattice
structures for −8.61 ≤ J/K < −2.26, the tetrahedral-
structure phase for −2.26 ≤ J/K < 8.22, the six-
sublattice-structure phase for 8.22 ≤ J/K < 10, and
the 120◦-structure phase for J/K ≥ 10. While the fer-
romagnetic state is stable for a large negative exchange
integral of the two-spin exchange interaction, the 120◦-
structure state is stable for a large positive exchange in-
(a)
(b)
Fig. 2. Example of (a) tetrahedral-structure state on a trian-
gular lattice and (b) spin orientations of the state for three-
dimensional coordinates. The four marks A, B, C, and D denote the
four sublattices and δ
1
and δ
2
are the unit vectors. The solid, dot-
ted, and broken lines in the upper panel denote the first-, second-,
and third-nearest-neighbor interactions, respectively. One example
is drawn for the second- and third-nearest-neighbor interactions.
The angle α between the spin vectors satisfies cosα = −1/3. The
spin vectors of sublattices A and B are in the xz-plane and those
of sublattices C and D are in the yz-plane.
tegral. The 120◦-structure state has a finite vector chiral
long-range order (LRO), the tetrahedral-structure state
has a scalar chiral LRO, and the six-sublattice-structure
state has both vector and staggered scalar chiral LRO.24)
The spin structure of the tetrahedral-structure state con-
sists of four sublattices, where the spin vectors on the
four sublattices point to the four vertices of a tetrahe-
dron if their bottoms are put at its center, as shown in
Fig. 2. The four spin vectors are at an angle α to each
other, where cosα = −1/3. The phase diagram of the
ground state of the MSE model with up to the six-spin
interactions on a triangular lattice in a magnetic field has
already been estimated within the mean-field approxi-
mation assuming 36 sublattices,25) although the values
of the five- and six-spin interactions have had limited
investigation.
In the present work, we estimate the region of the
tetrahedral-structure phase of the system within the
mean-field approximation by the conjugate gradient
(CG) method on l × l lattices with l = 6 and 12. In the
CG method, we prepare approximately 102 – 105 initial
states depending on the parameters. We apply the tetra-
hedral structure and random states as the initial states
of the CG method and find the smallest-energy state
among the results of multiple calculations. The values
of the phase-transition points between the tetrahedral-
structure phase and the others are estimated using the
3
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ground-state energy and scalar chirality
κˆs =
∑
△
σi · (σj × σk) , (12)
where the summation of △ is taken over all upward-
pointing triangles on the triangular lattice. In the
tetrahedral-structure phase, the classical ground-state
energy per site obeys
E
N
= −
(
J + J2nd − 3J3rd +
17
3
K + 6L+
59
27
M
)
,
(13)
and the value of the scalar chirality per site is 〈κˆs〉/N =
4/3
√
3 ≃ 0.77, where N is the number of sites.
3.1 J-K-L-M model with J2nd = J3rd = 0
We show the phase diagrams of the classical ground
state for three cases, M = −L/2 (J5 = J6), M = 0,
and L = 0 with J2nd = J3rd = 0, in Fig. 3. The squares
and triangles in Fig. 3 are the phase-transition points
calculated by the CG method for l = 6 and 12, re-
spectively. The region of the tetrahedral-structure phase
is contracted for large |L|/K and M/K, as shown in
Fig. 3(a). ForM = 0, the region of the tetrahedral phase
has the same shape as that of the M = −L/2 system,
but the maximum value of |L|/K at which the system
is in the tetrahedral phase becomes smaller than that of
the M = −L/2 system, as shown in Fig. 3(b). On the
other hand, for L = 0, no significant change in the re-
gion of the tetrahedral phase with M/K is observed in
Fig. 3(c). These results show that the six-spin exchange
interactions have little influence on the tetrahedral phase
and the five-spin exchange interactions make the tetra-
hedral state unstable in this system.
For |L|/K = M/K = 0, it has been found that the
phases with 12-, 18-, 72-, and 144-sublattice structures
exist for −8 ≤ J/K ≤ −2.26 and that a six-sublattice-
structure phase exists for 8.22 ≤ J/K ≤ 10 in the
l = 12 system.13) The ferromagnetic-state energy Eferro
obtained by the mean-field approximation is written as
Eferro
N
= 3J + 21K + 90L+ 31M . (14)
The solid lines in Fig. 3 are the boundaries between
the ferromagnetic and tetrahedral-structure phases cal-
culated using Eqs. (13) and (14). The agreement of the
triangles and the solid line shows that the ferromagnetic
phase exists just under the tetrahedral phase in the range
0.25 ≤ |L|/K ≤ 0.4375 and 0.1875 ≤ |L|/K ≤ 0.35 for
M = −L/2 and M = 0, respectively. The crosses in
Figs. 3(a) and 3(b) are the phase-transition points es-
timated using the crossing points of the energy curves,
which are obtained on the basis of the spin-wave theory
for the ferromagnetic and tetrahedral-structure phases.
The details of the results obtained on the basis of the
spin-wave theory are explained in Sect. 5.1. In the adja-
cent phases of the tetrahedral-structure phase, except for
those we explained above, the six- and twelve-sublattice-
structure states and the states with various magnetiza-
tions are respectively realized in the upper and lower
-6
-4
-2
 0
 2
 4
 6
 8
 10
 0  0.1  0.2  0.3  0.4  0.5
tetrahedral phase
M = - L / 2
(a)
J 
/ K
|L| / K
l = 6
12
SW
-6
-4
-2
 0
 2
 4
 6
 8
 10
 0  0.1  0.2  0.3  0.4  0.5
tetrahedral phase
M = 0
(b)
J 
/ K
|L| / K
l = 6
12
SW
-6
-4
-2
 0
 2
 4
 6
 8
 10
 12
 0  0.1  0.2  0.3  0.4  0.5
tetrahedral phase
L = 0
(c)
J 
/ K
M / K
l = 6
12
Fig. 3. Phase diagrams of the classical ground state for (a) M =
−L/2, (b) M = 0, and (c) L = 0 with J
2nd
= J
3rd
= 0. The
squares and triangles are the phase-transition points calculated
by the CG method for l = 6 and 12, respectively. The solid line is
the boundary between the ferromagnetic and tetrahedral-structure
phases estimated using Eqs. (13) and (14). The crosses labeled by
SW are the phase-transition points estimated using the crossing
points of the energy curves, which are obtained on the basis of the
spin-wave theory for the ferromagnetic and tetrahedral-structure
phases. The broken and dotted lines are guides to the eyes.
parts of the phase diagram shown in Fig. 3. As an ex-
ception, the umbrella state is realized for a large M/K
in the upper part of the phase diagram in Fig. 3(c). The
detailed analysis of the states around the tetrahedral-
structure phase is beyond the scope of this work.
3.2 J-K-J2nd-J3rd model with L =M = 0
In this work, we also study the effects of the second-
and third-nearest-neighbor interactions in addition to the
4
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-2
 0
 2
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 8
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-0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1
tetrahedral phase
J3rd = 0
(a)
J 
/ K
J2nd / K
l = 6
12
-6
-4
-2
 0
 2
 4
 6
 8
 10
-1 -0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8
tetrahedral phase
J2nd = 0
(b)
J 
/ K
J3rd / K
l = 6
12
Fig. 4. Phase diagrams of the classical ground state for (a)
J
3rd
= 0 and (b) J
2nd
= 0 with L =M = 0. The squares and trian-
gles are the phase-transition points calculated by the CG method
for l = 6 and 12, respectively. The lines are guides to the eyes.
five- and six-spin exchange interactions. We show the
phase diagrams of the classical ground state for two cases,
J3rd = 0 and J2nd = 0 with L = M = 0, in Fig. 4. For
J3rd = 0, the region of the tetrahedral-structure phase
is expanded for antiferromagnetic J2nd/K > 0 and is
contracted for ferromagnetic J2nd/K < 0, as shown in
Fig. 4(a). Namely, the antiferromagnetic second-nearest-
neighbor interactions stabilize the tetrahedral-structure
state within the mean-field approximation. The result
is consistent with an expectation from the situation that
the two sites connected by J2nd always belong to different
sublattices. While the lower line of the phase boundary
is robust against the change in J2nd/K, the upper line
is sensitive to the change in J2nd/K. The states below
the lower line of the phase diagram have various struc-
tures consisting of many sublattices.13) While the phase
above the upper line has a six-sublattice structure at
J2nd = 0,
13) we find that, for J2nd/K ≤ −0.2, the spin
configurations calculated do not have a six-sublattice
structure but a twelve-sublattice structure. The upper
and lower lines connect at J2nd/K ≃ −0.6. Because a de-
tailed further analysis is beyond the scope of this work,
we do not precisely estimate the boundary and the states
around the tetrahedral-structure phase.
For J2nd = 0, the region of the tetrahedral-structure
phase is contracted for antiferromagnetic J3rd/K > 0
and is expanded for ferromagnetic J3rd/K < 0 as shown
in Fig. 4(b). Namely, the ferromagnetic third-nearest-
neighbor interactions stabilize the tetrahedral-structure
state within the mean-field approximation. The result is
consistent with an expectation from the situation that
the two sites connected by J3rd always belong to the
same sublattices. Similar to the case of J3rd = 0, the
lower line of the phase transition is robust against the
change in J3rd/K, and the upper line is sensitive to the
change in J3rd/K. The states below the lower line of
the phase diagram have various structures consisting of
many sublattices, and the phase above the upper line is
a six-sublattice-structure phase for J3rd/K < 0.2 and a
twelve-sublattice-structure phase for J3rd/K ≥ 0.2. The
upper and lower lines connect at J3rd/K ≃ 0.3. Because
a detailed further analysis is beyond the scope of this
work, we do not precisely estimate the boundary and
the states around the tetrahedral-structure phase.
4. Spin-Wave Theory
We examine the stability of the tetrahedral-structure
state against quantum fluctuations using the linear spin-
wave theory based on the classical ground state. The
tetrahedral-structure state has a four-sublattice struc-
ture with four spins, as shown in Fig. 2(b). Using the
Holstein–Primakoff26) and Fourier transformations, we
obtain the Hamiltonian
H = −
(
J + J2nd − 3J3rd +
17
3
K + 6L+
59
27
M
)
N
+
∑
k
[
A(k)
(
a†
k
a
k
+ b†
k
b
k
+ c†
k
c
k
+ d†
k
d
k
)
+B1(k)
(
a†
k
bk + c
†
k
dk + h.c.
)
+B2(k)
(
a†
k
c
k
+ b†
k
d
k
+ h.c.
)
+B3(k)
(
a†
k
dk + b
†
k
ck + h.c.
)
+ C1(k)
(
a−kbk + c−kdk + h.c.
)
+ C2(k)
{
φ∗
(
a−kck + b−kdk
)
+ h.c.
}
+ C3(k)
{
φ
(
a−kdk + b−kck
)
+ h.c.
}
+D(k)
(
a−kak + b−kbk + c−kck + d−kdk
)
+ h.c.
}]
,
(15)
where
A(k) =
4
9
(9J + 9J2nd − 27J3rd + 48K + 32M)
+
4
27
(27J3rd + 24L+ 16M){cos2k2
+ cos 2(k1 − k2) + cos 2k1} ,
B1(k) =
4
27
(−9J − 12K − 24L+ 32M) cosk2
+
4
27
(−9J2nd + 12K − 16M) cos(2k1 − k2) ,
B2(k) =
4
27
(−9J − 12K − 24L+ 32M) cos(k1 − k2)
5
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+
4
27
(−9J2nd + 12K − 16M) cos(k1 + k2) ,
B3(k) =
4
27
(−9J − 12K − 24L+ 32M) cosk1
+
4
27
(−9J2nd + 12K − 16M) cos(−k1 + 2k2) ,
C1(k) =
8
27
(9J + 30K + 24L+ 16M) cosk2
+
8
27
(9J2nd + 6K + 16M) cos(2k1 − k2) ,
C2(k) =
8
27
(9J + 30K + 24L+ 16M) cos(k1 − k2)
+
8
27
(9J2nd + 6K + 16M) cos(k1 + k2) ,
C3(k) =
8
27
(9J + 30K + 24L+ 16M) cosk1
+
8
27
(9J2nd + 6K + 16M) cos(−k1 + 2k2) ,
D(k) = −64
27
(3L−M){cos 2k2 + φ∗ cos 2(k1 − k2)
+ φ cos 2k1} ,
φ = exp(−2pii/3) . (16)
Here, k = (k1, k2) are the wavevectors with ki = k · δi,
and δ1 and δ2 are the unit vectors chosen as shown in
Fig. 2. The operators a†
k
, b†
k
, c†
k
, and d†
k
are, respectively,
the creation operators for bosons on the four sublattices,
and a
k
, b
k
, c
k
, and d
k
are the annihilation operators of
the bosons.
We can transform the Hamiltonian in Eq. (15) with a
unitary transformation and obtain
H = −
(
J + J2nd − 3J3rd +
17
3
K + 6L+
59
27
M
)
N
+
4∑
µ=1
∑
k
′{
Xµ(k)
(
a˜†µ,ka˜µ,k + a˜
†
µ,−ka˜µ,−k
)
+ Yµ(k)a˜µ,−ka˜µ,k + Y
∗
µ (k)a˜
†
µ,−ka˜
†
µ,k
}
, (17)
where
X1(k) = A(k) +B1(k) + B2(k) +B3(k) ,
X2(k) = A(k) +B1(k)− B2(k)−B3(k) ,
X3(k) = A(k)−B1(k) + B2(k)−B3(k) ,
X4(k) = A(k)−B1(k)− B2(k) +B3(k) ,
Y1(k) = D(k) + C1(k) + φ
∗C2(k) + φC3(k) ,
Y2(k) = D(k) + C1(k)− φ∗C2(k)− φC3(k) ,
Y3(k) = D(k)− C1(k) + φ∗C2(k)− φC3(k) ,
Y4(k) = D(k)− C1(k)− φ∗C2(k) + φC3(k) , (18)
and the summation
∑′
k
is taken over the wave numbers
in the half-region of the Brillouin zone. The boson oper-
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Fig. 5. Wave-number dependences of ω
1
(k
1
, k
2
)/K for J/K = 2,
L/K = −0.25, and M/K = 0.125 with J
2nd
= J
3rd
= 0.
ators a˜†µ,k are defined by

a˜†1,k
a˜†2,k
a˜†3,k
a˜†4,k

 = 12


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




a†
k
b†
k
c†
k
d†
k

 . (19)
Finally, transforming the Hamiltonian in Eq. (17) with
a Bogoliubov transformation, we obtain
H = −
(
J + J2nd − 3J3rd +
17
3
K + 6L+
59
27
M
)
N
+
1
2
4∑
µ=1
∑
k
{ωµ(k) −Xµ(k)}
+
4∑
µ=1
∑
k
ωµ(k)α
†
µ,kαµ,k , (20)
where the spin-wave frequency is written as
ωµ(k) =
√
{Xµ(k)}2 − |Yµ(k)|2 , (21)
and α†µ,k and αµ,k are the creation and annihilation op-
erators of spin waves with µ-modes, respectively.
We show the wave-number dependences of
ω1(k1, k2)/K for J/K = 2, L/K = −0.25,M/K = 0.125,
and J2nd = J3rd = 0 in Fig. 5. Note that the system
with L/K = −0.25 and M/K = 0.125 corresponds
to that with J5/J4 = J6/J4 = 0.5. The dispersion
relation of the spin-wave frequency ω1(k) has a sixfold
rotational symmetry. The spin-wave frequencies of the
four branches are expressed with a single analytical
form, i.e., we have the relations
ω1(k1, k2) = ω2(k1 − pi, k2) = ω3(k1 − pi, k2 − pi)
= ω4(k1, k2 − pi) . (22)
The wave numbers at which the values of the energy
frequency ω1(k1, k2) equal zero are (±pi, 0), (0,±pi), and
(±pi,±pi), and the frequency ω1(0, 0) at k = 0 is finite,
i.e., gapful. The frequency is written as
ω1(k1, k2) ≃
64
9
(3K + 4M)
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+
4
9
(3J + 9J2nd − 36J3rd − 8K − 24L− 16M)
× (k21 − k1k2 + k22) (23)
for small k (k = |k|). The value of ω1(k1, k2) at k = 0
depends on M and is independent of L. On the other
hand, ωµ(k1, k2) (µ = 2, 3, 4) are gapless and their energy
frequencies for small k are proportional to k. The energy
frequency for mode 2 is written as
ω2(k1, k2) ≃
8
27
{(9J + 9J2nd + 36K + 24L+ 32M)
× (u1k21 − u1k1k2 + u2k22)}1/2 (24)
with u1 = 12(9J2nd − 18J3rd + 6K + 8M) and u2 =
9(3J + 3J2nd − 24J3rd + 20K − 24L) for small k. From
the positional relationship of the zero points for mode 2,
3, and 4 frequencies, we obtain the relations
ω4(k1, k2) = ω2(k1 − k2, k1) ,
ω3(k1, k2) = ω4(k1 − k2, k1) . (25)
We show the wave-number dependences of ωµ(k)/K
on the Γ-A-B-Γ lines for J/K = 2, L/K = −0.25, and
M/K = 0.125 with J2nd = J3rd = 0 in Fig. 6(a). Here,
the Γ-A-B-Γ lines with Γ = (0, 0), A = pi/2(1,−1),
and B = pi/2(1, 1) exist in the first Brillouin zone, as
shown in Fig. 6(b). The translational vectors in real
space are taken to be δ1 = (1, 0) and δ2 = (0, 1), as
shown in Fig. 2(a). The bold squares in Fig. 6(b) are
the zero points of the energy frequency ω1(k). The val-
ues of ωµ(k)/K increase with J/K for fixed L/K and
M/K. Furthermore, as far as we can see in the spectra,
there is no significant change when the values of L/K
and M/K are changed for a fixed J/K. If the spectra
of the spin waves show softening, a phase transition oc-
curs. We find that none of the spectra soften for any k
in the whole region of the tetrahedral-structure phase of
the classical system. Softening is observed outside the
tetrahedral-structure phase.
We investigate the softening for three cases, M =
−L/2, M = 0, and L = 0 with J2nd = J3rd = 0.
As an example, we show the wave-number dependences
of ωµ(k)/K for J/K = −3.78 with L = M = 0 and
for J/K = −2.96 with L/K = −0.375 and M/K =
0.1875 in Figs. 7(a) and 7(b), respectively. The frequency
ω1(k) decreases with increasing ferromagnetic coupling
|J |/K and becomes zero near k ≃ pi/2(0.8,−0.8), and
pi/2(0.9,−0.9) for J/K ≃ −3.78 and −2.96 in Figs. 7(a)
and 7(b), respectively. The results for other parameter
sets show the appearance of softening at various k for
various J/K close to J/K = −4.
We also investigate the wave-number dependences of
the spectra for two cases, J3rd = 0 and J2nd = 0 with
L =M = 0. The energy frequencies ωµ(k) increase with
J/K for fixed J2nd/K and J3rd/K. As far as we can see
in the spectra, there is no significant change when the
values of J2nd/K and J3rd/K are changed for a fixed
J/K. We find that none of the spectra soften for any k
in the whole region of the tetrahedral-structure phase
of the classical system. Softening is observed outside
the tetrahedral-structure phase. Similar to the J-K-L-M
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Fig. 6. (a) Wave-number dependences of ωµ(k)/K on the Γ-A-
B-Γ lines for J/K = 2, L/K = −0.25, and M/K = 0.125 with
J
2nd
= J
3rd
= 0, and (b) Γ-A-B-Γ lines in the first Brillouin zone
drawn with the double-dotted-line rectangle. The translational vec-
tors in real space are taken to be δ
1
= (1, 0) and δ
2
= (0, 1). The
bold squares in the lower panel denote the zero points of the energy
frequency ω
1
(k).
system, softening appears at various k for various J/K
close to J/K = −4. Because these instabilities observed
in the J-K-L-M and J-K-J2nd-J3rd systems occur out-
side the mean-field phase, they are beyond the scope of
this study.
5. Physical Quantities
In this section, we describe physical quantities in the J-
K-L-M and J-K-J2nd-J3rd models. Note that the results
outside the tetrahedral-structure phase are also plotted
in figures where we show the J/K dependences of the
physical quantities.
5.1 J-K-L-M model
First, we set the parameters J2nd = J3rd = 0 and
describe physical quantities in the J-K-L-M model.
5.1.1 Ground-state energy
To compare the ground-state energies of the ferro-
magnetic state with those of the tetrahedral-structure
state obtained on the basis of the spin-wave theory, we
show the J/K dependences of the ground-state energies
for L/K = −0.25 and M/K = 0.125 in Fig. 8. The
squares are the results of the tetrahedral-structure state
obtained on the basis of the spin-wave theory, and the
7
J. Phys. Soc. Jpn.
 0
 5
 10
 15
 20
 25
Γ A B Γ
(a)
ω
µ(k
) /
 K
k
µ = 1
2
3
4
 0
 5
 10
 15
 20
 25
 30
Γ A B Γ
(b)
ω
µ(k
) /
 K
k
µ = 1
2
3
4
Fig. 7. Wave-number dependences of ωµ(k)/K on the Γ-A-B-Γ
lines for (a) J/K = −3.78 with L = M = 0 and (b) J/K = −2.96
with L/K = −0.375 and M/K = 0.1875 in the J-K-L-M system.
solid line is the analytical result of the ferromagnetic
state [Eq. (14)]. The phase-transition point evaluated by
the crossing point in Fig. 8 is at J/K ≃ −1.86. The ver-
tical dotted line at J/K = −1.7 is the classical phase
boundary between the ferromagnetic and tetrahedral-
structure phases. The phase-transition point in J/K ob-
tained on the basis of the spin-wave theory is smaller
than that obtained by the mean-field approximation.
The result shows that the tetrahedral-structure state
is stabilized by the quantum fluctuations. The phase-
transition points obtained with the crossing points of the
energies for 0.1875 ≤ |L|/K ≤ 0.4375 are denoted by
the crosses in Figs. 3(a) and 3(b). The phase-transition
line between the tetrahedral-structure and ferromagnetic
phases slightly shifts to the side of larger ferromagnetic
coupling |J |/K. The change is larger for a large |L|/K.
In order to investigate the phase-transition boundaries,
except for the ferromagnetic phase, we need to perform
the spin-wave analysis for various phases, e.g., the twelve-
sublattice structure. In the spin-wave theory for the MSE
model with up to the six-spin interactions, because an
enormous number of calculations were required even for
the four-sublattice structure, some ideas are needed for
the six- and twelve-sublattice structures. This is beyond
the scope of this work.
-7
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-3
-2
-1
 0
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 3
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E 
/ K
N
J / K
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Fig. 8. J/K dependences of the ground-state energies of the fer-
romagnetic and tetrahedral-structure states for L/K = −0.25 and
M/K = 0.125. The squares are the results for the tetrahedral-
structure state obtained on the basis of the spin-wave theory,
and the solid line is the analytical result for the ferromagnetic
state. The vertical dotted line at J/K = −1.7 is the classi-
cal phase boundary between the ferromagnetic and tetrahedral-
structure phases. The broken line is a guide to the eyes.
5.1.2 Quantum correction of the ground-state energy
The quantum correction of the ground-state energy is
defined as
∆E =
1
2
4∑
µ=1
∑
k
{ωµ(k)−Xµ(k)} , (26)
which corresponds to the difference between the ground-
state energy obtained on the basis of the spin-wave the-
ory and the classical ground-state energy. We show the
J/K dependences of the quantum correction per site for
M = −L/2 in Fig. 9(a). In addition, we show the re-
sults for M = 0 and L = 0 in Figs. 9(b) and 9(c), re-
spectively, to confirm the effect of each interaction. The
magnitude of ∆E becomes small with decreasing J/K
for all parameter sets. Namely, quantum mechanical ef-
fects are significant for a large positive J/K. For exam-
ple, ∆E/KN ≃ −0.63 and −7.73 at J/K = −2 and 8,
respectively, for L =M = 0. The reduction in ∆E/Ecl is
approximately 17.2% for J/K = −2 but reaches approxi-
mately 56.6% for J/K = 8, where Ecl is the ground-state
energy in the classical system. The reduction for the tri-
angular Heisenberg antiferromagnet (THAF) is 43.9%.27)
For M = −L/2 and M = 0, the magnitude of ∆E de-
creases with increasing |L|/K. On the other hand, ∆E
hardly changes with M/K in the L = 0 systems.
5.1.3 Sublattice magnetization
The sublattice magnetization per site normalized by
the classical value is given by
Ms = 1− 1
N
4∑
µ=1
∑
k
(
Xµ(k)
ωµ(k)
− 1
)
(27)
in the ground state. Although the magnetizations of
the four sublattices have different directions, the mag-
nitudes of the magnetizations are the same as Ms in
the tetrahedral-structure state. We show the J/K de-
pendences of Ms obtained on the basis of the spin-wave
8
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Fig. 9. J/K dependences of quantum correction to the ground-
state energy obtained on the basis of the spin-wave theory for (a)
M = −L/2, (b) M = 0, and (c) L = 0, with J2nd = J3rd = 0. The
lines are guides to the eyes.
theory for three cases, M = −L/2, M = 0, and L = 0,
in Figs. 10(a) – 10(c), respectively. The value of Ms de-
creases with increasing J/K. Namely, quantum mechan-
ical effects are significant for a large positive J/K. For
example, Ms ≃ 0.74 and 0.28 at J/K = −2 and 8, re-
spectively, for L = M = 0. The reduction is approx-
imately 26% for J/K = −2 but reaches approximately
72% for J/K = 8. The reduction for the THAF, in which
numerical studies have suggested the existence of finite
ground-state LRO,28–30) is 52.2% within the spin-wave
theory.16, 27) In addition, the reduction for the triangu-
lar XY antiferromagnet is estimated to be 56.3% in the
linear spin-wave theory31) and about 59% for finite-size
systems.30)
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Fig. 10. J/K dependences of the sublattice magnetizations ob-
tained on the basis of the spin-wave theory for (a) M = −L/2, (b)
M = 0, and (c) L = 0 with J2nd = J3rd = 0. The lines are guides
to the eyes.
Furthermore, Figs. 10(a) and 10(b) show that Ms
increases with |L|/K. On the other hand, Ms hardly
changes with M/K in the L = 0 system in comparison
with that in the M = 0 system.
5.1.4 Scalar chirality
The expectation value of the scalar chiral operator de-
fined by Eq. (12) is written as
κs ≡ 〈κˆs〉
=
4
3
√
3
N − 4
4∑
µ=1
∑
k
{
Fµ(k) +Gµ(k)
〈
α†µ,kαµ,k
〉}
,
(28)
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in terms of the spin-wave operators. Explicit expressions
for Fµ(k) and Gµ(k) are given in the Appendix. Because〈
α†µ,kαµ,k
〉
= 0 in the ground state, the scalar chiral-
ity per upward-pointing triangle in the ground state is
described by
κs
N
=
4
3
√
3
− 4
N
4∑
µ=1
∑
k
Fµ(k) . (29)
We show the J/K dependences of the scalar chiral-
ity obtained on the basis of the spin-wave theory for
three cases, M = −L/2, M = 0, and L = 0, in
Figs. 11(a) – 11(c), respectively. The horizontal broken
lines in Fig. 11 denote the classical value of the scalar chi-
rality κs/N = 4/3
√
3 ≃ 0.77. The values of κs are larger
than the classical value in the parameter sets that we
calculated. In the quantum model, the largest eigenvalue
of σ1 · (σ2×σ3) on a triangle is larger than the classical
value, unlike the sublattice magnetization. Therefore, the
scalar chirality of the quantum system may also be larger
than the classical value. A similar tendency appears for
the vector chirality in the triangularXXZ antiferromag-
net.16) Note that a J/K dependence of κs for L =M = 0
was reported in previous studies21, 22) but is not consis-
tent with our result. We have thus corrected the previous
result.
It is difficult to interpret the effects of quantum fluc-
tuations on the scalar chirality in comparison with the
energy and sublattice magnetization because the values
of κs exceed the classical one. From the results of ∆E
and Ms, it is reasonable to examine the effects of quan-
tum fluctuations by using the increase or decrease in κs
itself rather than by comparison with the classical value.
A similar J/K dependence of κs is seen for all parameter
sets, as shown in Fig. 11. Specifically, a peak for κs ex-
ists at the midpoint of J/K and the value of κs decreases
as J/K approaches −2 or 10. The decrease in κs in the
antiferromagnetic J/K region shows that quantum me-
chanical effects are significant for a large positive J/K,
as seen from the results of ∆E and Ms. On the other
hand, the decrease in κs in the ferromagnetic J/K re-
gion, which is not seen for ∆E and Ms, might be caused
by the instability of the tetrahedral structure owing to
the approach to the softening point outside the tetrahe-
dral phase in the classical system.
Figure 11(b) shows that κs decreases with increasing
|L|/K for M = 0 and that the trend is noticeable as
J/K approaches −2. This result can be understood from
the ferromagnetic five-spin interactions cooperating with
the ferromagnetic J/K. On the other hand, Fig. 11(c)
shows that κs increases with increasing M/K for L = 0
and that the trend is noticeable as J/K approaches 10.
The result shows that the six-spin interactions stabilize
the tetrahedral structure in the quantum system. The
dependences of κs on J/K, L/K, and M/K for M =
−L/2 shown in Fig. 11(a) also show similar trends to
those seen in Figs. 11(b) and 11(c).
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Fig. 11. J/K dependences of the scalar chirality obtained on the
basis of the spin-wave theory for (a) M = −L/2, (b) M = 0, and
(c) L = 0. The horizontal broken lines denote the classical value
of the scalar chirality κs/N = 4/3
√
3 ≃ 0.77. The solid, dotted,
chain, and broken lines are guides to the eyes.
5.2 J-K-J2nd-J3rd model
Next, we set the parameters L =M = 0 and describe
the physical quantities in the J-K-J2nd-J3rd model. In
the previous subsection, we explained that the effects
of quantum fluctuations on the physical quantities ∆E
and Ms are weak for large |L|/K. In the J-K-J2nd-J3rd
model, the effects of quantum fluctuations on the physi-
cal quantities are weak for the antiferromagnetic second-
nearest-neighbor and the ferromagnetic third-nearest-
neighbor interactions. The details of the results in the
J-K-J2nd-J3rd model will be explained below.
10
J. Phys. Soc. Jpn.
-11
-10
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
-2  0  2  4  6  8  10
J3rd = 0
(a)
∆E
 
/ K
N
J / K
J2nd / K = 0.2
0
-0.2
-0.4
-0.6
-11
-10
-9
-8
-7
-6
-5
-4
-3
-2
-1
 0
-2  0  2  4  6  8  10
J2nd = 0
(b)
∆E
 
/ K
N
J / K
J3rd / K = -0.1
0
0.1
0.2
0.3
Fig. 12. J/K dependences of the quantum correction to the
ground-state energy per site obtained on the basis of the spin-
wave theory for (a) J
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The lines are guides to the eyes.
5.2.1 Quantum correction of the ground-state energy
We show the J/K dependences of the quantum cor-
rection to the ground-state energy per site obtained on
the basis of the spin-wave theory for the cases J3rd = 0
and J2nd = 0 in Figs. 12(a) and 12(b), respectively. The
magnitude of ∆E increases with increasing J/K for all
parameter sets in both the J3rd = 0 and J2nd = 0 sys-
tems. Therefore, quantum mechanical effects are signifi-
cant for a large positive J/K. The magnitude of ∆E also
increases with decreasing J2nd/K at J3rd = 0 and with
increasing J3rd/K at J2nd = 0 for all parameter sets.
5.2.2 Sublattice magnetization
We show the J/K dependences of the sublattice mag-
netization obtained on the basis of the spin-wave theory
for the cases J3rd = 0 and J2nd = 0 in Figs. 13(a) and
13(b), respectively. The value of Ms decreases with in-
creasing J/K for all parameter sets in both the J3rd = 0
and J2nd = 0 systems. This result shows that quan-
tum mechanical effects are significant for a large posi-
tive J/K. The value of Ms also decreases with decreas-
ing J2nd/K at J3rd = 0 and with increasing J3rd/K at
J2nd = 0. These tendencies are the same as those of the
quantum correction to the ground-state energy.
5.2.3 Scalar chirality
We show the J/K dependences of the scalar chiral-
ity obtained on the basis of the spin-wave theory for the
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Fig. 13. J/K dependences of the sublattice magnetization ob-
tained on the basis of the spin-wave theory for (a) J
3rd
= 0 and
(b) J
2nd
= 0 with L =M = 0. The lines are guides to the eyes.
cases J3rd = 0 and J2nd = 0 in Figs. 14(a) and 14(b), re-
spectively. The horizontal broken lines in Fig. 14 denote
the classical value κs/N = 4/3
√
3 ≃ 0.77. There are re-
gions of J/K where the quantum values of κs are larger
than the classical value. The effects of quantum fluctu-
ations are the same as those on the energy correction
and sublattice magnetization, except for a large nega-
tive J/K. Namely, quantum mechanical effects become
significant with both decreasing J2nd/K for J/K ≥ 0
in the J3rd = 0 system and with increasing J3rd/K for
J/K ≥ −0.5 in the J2nd = 0 system. The decreases for
large negative J/K might be caused by the instability
of the tetrahedral structure owing to the approach to
the softening point outside the tetrahedral phase in the
classical system as mentioned in Sect. 5.1.
6. Summary and Discussion
In this paper, we have studied the effects of quantum
fluctuations on the tetrahedral structure in the ground
state of the MSE model with up to the six-spin ex-
change interactions on a triangular lattice using the lin-
ear spin-wave theory. First, we determined the region of
J/K in which the tetrahedral structure is stable as the
ground state within the mean-field approximation, as-
suming 6 × 6 and 12 × 12 sublattices. While the region
shrinks for large five-spin interactions, the region hardly
depends on the six-spin interactions.We also investigated
the effects of the second- and third-nearest-neighbor in-
teractions on the ground state instead of the five- and
11
J. Phys. Soc. Jpn.
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1.1
-2  0  2  4  6  8  10
J3rd = 0
(a)
κ
s  
/ N
J / K
J2nd / K = 0.2
0
-0.2
-0.4
-0.6
 0.5
 0.6
 0.7
 0.8
 0.9
 1
 1.1
-2  0  2  4  6  8  10
J2nd = 0
(b)
κ
s  
/ N
J / K
J3rd / K = -0.1
0
0.1
0.2
0.3
Fig. 14. J/K dependences of the scalar chirality obtained on the
basis of the spin-wave theory for (a) J
3rd
= 0 and (b) J
2nd
= 0
with L = M = 0. The horizontal broken lines denote the classical
value κs/N = 4/3
√
3 ≃ 0.77. The lines, except for the horizontal
broken line, are guides to the eyes.
six-spin interactions. For J3rd = 0, the region of J/K in
which the ground state is the tetrahedral-structure state
expands with J2nd for J2nd > 0. On the other hand, for
J2nd < 0, the region shrinks with increasing |J2nd|. When
the value of J3rd changes for J2nd = 0, we obtained the
opposite trend to J2nd. Because two sites in the tetrahe-
dral structure connected by J2nd and J3rd always belong
to different and the same sublattices, respectively, it is
easy to understand these results.
Next, we applied the linear spin-wave theory in the
parameter region where the tetrahedral structure is real-
ized as the classical ground state. We concluded that the
tetrahedral structure survives the quantum fluctuations
within the linear spin-wave theory because no softening
of the spin wave was induced in the whole region of the
tetrahedral-structure phase. Calculating the quantum
corrections to the ground-state energy and the sublattice
magnetization, we found that the effects of quantum fluc-
tuations are weak for small J/K and large |L|/K, where
the system approaches the ferromagnetic phase. Further-
more, for antiferromagnetic J2nd and ferromagnetic J3rd,
the effects of the quantum fluctuations are weak. On the
other hand, the six-spin interaction M/K has little ef-
fect on the quantum corrections. The results show that
the tetrahedral structure is robust againstM/K not only
within the mean-field approximation but also in the spin-
wave theory.
It is difficult to interpret the effects of quantum fluctu-
ations on the scalar chirality in comparison with the en-
ergy and sublattice magnetization because the scalar chi-
rality exceeds the classical one. We gave the correct J/K
dependence of the scalar chirality, which disagrees with
that reported in previous studies21, 22) for the multiple-
spin exchange model with up to the four-spin exchange
interactions. A decrease in the scalar chirality, which was
not seen for the energy and sublattice magnetization, was
seen for small J/K and large |L|/K. This result might
be caused by the instability of the tetrahedral structure
owing to the approach to the softening point outside
the tetrahedral phase in the classical system. Further-
more, the scalar chirality shows that the six-spin inter-
actions and antiferromagnetic second- and ferromagnetic
third-nearest-neighbor interactions stabilize the tetrahe-
dral structure in the quantum system.
We thus find that, in the linear spin-wave the-
ory, the tetrahedral-structure state survives the quan-
tum fluctuations. However, the exact-diagonalization re-
sults of the MSE model with up to the six-spin in-
teractions suggest that the ground state in the pa-
rameter region where the tetrahedral structure occurs
within the mean-field approximation is in a nonmag-
netic gapped spin-liquid phase.10, 11) Furthermore, the
exact-diagonalization study of the MSE model with up
to the four-spin interactions suggests that a gapless
spin-liquid state exists on the antiferromagnetic side
of the tetrahedral-structure phase for the classical sys-
tem.32) If the ground state of the quantum systems
is the quantum spin-liquid state, it would be interest-
ing to study the quantum mechanism that destabilizes
the tetrahedral-structure state. One of the disadvan-
tages in either the linear spin-wave theory or the exact-
diagonalization study is considered as a cause of this
discrepancy in the results between the methods. One of
the possible disadvantages is the inadequacy of the lin-
ear approximation in the spin-wave expansion, and the
other is the smallness of the system size in the exact-
diagonalization study. So far, the cause of the discrep-
ancy has not been clarified yet and solving this issue re-
mains a future problem. The effects of higher-order terms
in the spin-wave expansion have been studied on the Ne´el
phase in square-lattice systems with the four-spin inter-
actions.33, 34) Future studies on the effects of higher-order
terms in the present system are desired.
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Appendix: Calculation of the Scalar Chirality
From the Holstein–Primakoff and unitary transforma-
tions, the scalar chirality described by Eq. (12) is written
as
κˆs =
4
3
√
3
N − 8
3
√
3
4∑
µ=1
∑
k
′{
fµ(k)
(
a˜†µ,ka˜µ,k + a˜
†
µ,−ka˜µ,−k
)
+ yµ(k)a˜µ,−ka˜µ,k + y
∗
µ(k)a˜
†
µ,−ka˜
†
µ,k
}
, (A·1)
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where
f1(k) = 3 + cos k2 + cos(k1 − k2) + cos k1 ,
f2(k) = 3 + cos k2 − cos(k1 − k2)− cos k1 ,
f3(k) = 3− cos k2 + cos(k1 − k2)− cos k1 ,
f4(k) = 3− cos k2 − cos(k1 − k2) + cos k1 ,
y1(k) = cos k2 + φ
∗ cos(k1 − k2) + φ cos k1 ,
y2(k) = cos k2 − φ∗ cos(k1 − k2)− φ cos k1 ,
y3(k) = − cosk2 + φ∗ cos(k1 − k2)− φ cos k1 ,
y4(k) = − cosk2 − φ∗ cos(k1 − k2) + φ cos k1 . (A·2)
Furthermore, performing the Bogoliubov transformation
and taking the average, we obtain the expectation value
of the scalar chirality
κs =
4
3
√
3
N − 4
4∑
µ=1
∑
k
{
Fµ(k) +Gµ(k)
〈
α†µ,kαµ,k
〉}
,
(A·3)
where
Fµ(k) =
1
2
Gµ(k)−
1
3
√
3
fµ(k) ,
Gµ(k) =
2
3
√
3ωµ(k)
{fµ(k)Xµ(k)− gµ(k)} ,
g1(k) =
1
2
[{2 cosk2 − cos(k1 − k2)− cos k1}C1(k)
+ {− cosk2 + 2 cos(k1 − k2)− cos k1}C2(k)
+ {− cosk2 − cos(k1 − k2) + 2 cosk1}C3(k)] ,
g2(k) =
1
2
[{2 cosk2 + cos(k1 + k2) + cos k1}C1(k)
+ {cos k2 + 2 cos(k1 − k2)− cos k1}C2(k)
+ {cos k2 − cos(k1 − k2) + 2 cos k1}C3(k)] ,
g3(k) =
1
2
[{2 cosk2 + cos(k1 + k2)− cos k1}C1(k)
+ {cos k2 + 2 cos(k1 − k2) + cos k1}C2(k)
+ {− cosk2 + cos(k1 − k2) + 2 cosk1}C3(k)] ,
g4(k) =
1
2
[{2 cosk2 − cos(k1 + k2) + cos k1}C1(k)
+ {− cosk2 + 2 cos(k1 − k2) + cos k1}C2(k)
+ {cos k2 + cos(k1 − k2) + 2 cos k1}C3(k)] .
(A·4)
We examine the behavior of Fµ(k) and Gµ(k) for k ≃
0. For µ = 1, we obtain f1(0) = 6, g1(0) = 0, G1(0) =
4/
√
3, and F1(0) = 0. Because f1(k), f1(k)X1(k)−g1(k),
and ω1(k) are proportional to k
2, G1(k) and F1(k) are
proportional to k0 and k2, respectively. For µ = 2, 3, 4, we
obtain fµ(0) = 2, g1(0) = 32(9J +9J2nd + 36K + 24L+
32M)/27, Gµ(0) = 0, and Fµ(0) = −2/3
√
3. Because
fµ(k)Xµ(k) − gµ(k) and ωµ(k) are proportional to k2
and k, Gµ(k) and Fµ(k) are proportional to k and k
2,
respectively.
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